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A discussion is given of the problems involved in computing the total energy, using local density functional
methods, of a cluster of atoms with a real space basis set of Gaussian orbitals. Particular attention is given
to the methods used to evaluate the Hartree and exhange-correlation energies and their potentials. Several
applications are described: molecular structures and properties, the bond lengths and dynamic properties
of bulk silicon and diamond, the local vibratory mode of carbon in silicon, and the structures of H and
H related complexes in diamond and gallium arsenide.
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1. INTRODUCTION

Recently, there has been an explosion of calculations using local density functional
theory (LDF) [1] with norm-conserving pseudopotentials [2] which have given specta-
cular results for structural and dynamic properties of solids exhibiting different types
of bonding. A recent review is given by Thm {3]. The success of the method can be
attributed to the simplicity of the expression for the total energy. This is composed
of the kinetic energy of valence electrons in occupied orbitals, a Hartree or electrostat-
ic term, an exchange-correlation term, a electron pseudo-ion term and finally the
ion-ion term. With the exception of the first, all the terms are explicitly functionals of
the electron density n(r), and the actual total energy occurs for that density n(r) which
minimises this energy expression subject to the total charge being fixed. This is to be
contrasted with Hartree-Fock theory which minimises an energy expression which is
a functional of a wave function dependent on the positions of all the electrons. Hence
in that theory one must minimise an energy expression dependent on a function of a
very large number of variables in contrast to the density functional approach.

Most LDF calculations for crystalline defects have used the plane wave supercell
method [4,5] where the dominant computing step is the repeated diagonalisation of
a very large complex matrix. Developments in molecular dynamical methods by Carr
Parrinello aid this process [6,7,8]. One possible problem with the supercell method is
that the effect of the interaction between defects in different unit cells may not be
negligible. For example Van de Walle et al. [9] found for a 32 Si atom supercell
containing a single A atom, the energy levels of A broadened into a band of width
approximately 0.5eV. Now since this band is half-filled we expect an interaction
between H atoms in different unit cells to be asymptotically given by the Friedel
expression:

cos(2k.r)/r’
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Such an interaction when summed over all cells varies weakly with cell size and
rapidly with the position of the Fermi-level. Thus the interaction between H atoms in
different cells may be significant even for a large supercell. and has a quite different
value when the H atoms are moved from. say. a bond centred site to a tetrahedral
interstitial site as such a move markedly changes the position of the H level, which is
identical to the Fermi-level. This explains the very difficult results for the stable site
of H in Si obtained by Chang and Chadi [10] who used an 8 Si atom supercell and
Van der Walle er al. Another problem with this approach is that for some elements,
eg O and F, the energy converges very slowly in the number of plane waves used. This
is also true, of course, for transition elements. For these and other d-bonded mat-
erials, the LMTO method [11. 12] has been used. This method makes strong asump-
tions about the form of the potential which renders it appropriate for close-packed
structures. Finally LCAO methods employing Gaussian bases have also been used for
both covalent and d-bonded materials [13. 14]. For these calculations, the potential
has often been fitted to a sum of Gaussians in order to carry out the evaluation of its
matrix elements with respect to the Gaussian basis. Mednick and Lin {14] adopted a
different scheme where the charge density was fitted to a linear sum of functions which
were polynomials multiplied by Gaussians. These polynomials would be chosen so
that Poisson’s equation could casily be solved and thus the Hartree potential quickly
evaluated. Matrix elements of the exchange-correlation potential would also be found
by an expansion of the latter in the integrable functions.

At the same time that supercell methods have been developed, there has been
rapid progress with Green function [15] and cluster methods [17-22]. The former
arc very expensive to implement and it is not easy to deal with complicated defects.
For the latter, in the case of covalent materials , the uninteresting surfaces have
been saturated with hydrogen atoms although embedding techniques are being
introduced that obviate these [23.24.25]. For ionic solids the clusters have been
surrounded by a large cluster of point charges. It is worth noting that the A
saturated surface can cause problems. For example it is not easily possible to study
graphite by looking at clusters of benzene and other cyclic compounds. The
different electronegativities of C and H cause a charge transfer from H to C in
benzene. This gives the molecule a quadrupolar moment and two benzene molecules
will repel each other when they are parallel. as in the graphite structure, but attract
when the molecular planes are orientated at 90 degrees to each other. Apparently
benzene molecules do behave like this. Consequently it is difficult to describe the
weak attraction between layers of graphite.

Here we concentrate on cluster methods using self-consistent norm-conserving
pseudopotential theory. In particular we deal with the method introduced by us
[22.26] and show how it enables the forces between atoms in a large cluster of up to
100 atoms to be evaluated. We shall illustrate the theory with several recent applica-
tions: molecular structures and properties, the structural and dynamic properties of
diamond and silicon. the local vibrational mode of the carbon impurity in silicon, the
remarkable structure of hydrogen in diamond, and the interaction of H with shallow
impurities in gallium arsenide.

2. REAL SPACE CLUSTER METHODS

The central problem with a real space approach is the evaluation of the Hartree (or
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elegtrostatig:) and exchange-correlation energies and their potentials. If there are N
basis functions .then the charge density is a bilinear sum of N’ functions and the
Hartree energy is a sum of N*integrals. It is impossible to evaluate all of these for a
large cluster. The exchange-correlation energy is a non-linear function of the charge
density again making it very difficult to evaluate. To make progress we rewrite the
Hartree and exchange-correlation energies with expressions involving an approximate
charge density fi(r). As fi(r) tends to n(r) then these expressions approach the correct
ones. Both of these expressions require about N* integrals to be found and, most
importantly, both expressions can be differentiated to determine the Hartree and
exchange-correlation potentials which are required when one uses the Euler-Lagrange
equations to minimise the total energy. fi(r) is a fit to the correct charge density using
a basis of Gaussian functions centred at atomic and bond centres. The coefficients of
the fit, G, k = 1M, are determined by minimising the error between our estimate of
the Hartree energy and the exact expression. In this way our expression is a close
underestimate of the Hartree energy but involves the computation of only M N?
integrals where M is the number of fitting functions. This approach is not new [27],
but we were the first workers to insist that this estimate of the Hartree energy replaces
the true one in the density-functional expression for the total energy. If the fit to the
charge density is constrained, eg by requiring the total fitted charge to be correctly
given, then an extra (structurally dependent) term is introduced in the total energy
which was not included by earlier workers {18, 27].

The exchange-correlation energy is a functional of the electron density and its
evaluation proceeds by replacing the exact density by the fitted one. This reduces the
problem to finding the average value of the exchange-correlation energy density under
a single gaussian used in the fit. This can be analytically estimated using no more than
three centre integrals and yields an expression for the exchange-correlation energy
whose functional derivative can be found exactly. It should be noted that the replace-
ment of the true charge density by the fitted one introduces errors which are most
severe at the nuclei and the surface of the cluster. It is in these regions that the density
is rapidly varying and the use of an exchange-correlation energy based on homoge-
neous electron gas theory most suspect. In the bonding region the charge density is
larger and much less variable and the error we make in the exchange-correlation term
much smaller.

The Euler-Lagrange equations give rise to a Shrodinger equation in which the
potentials depend only on the fitting coefficients C,. These are determined from the
output charge density, so a self-consistent solution must be sought. We begin the
process of finding the total energy by using as an input the coefficients C,(in) to the
fitted charge density arising from the superposition of atomic charge densities. Self-
consistency can be achieved most rapidly by finding the fitting coefficients C, (out)
from the output charge density and using these to determine the next C, (in). In fact
the next set of input coefficients is then taken from a linear combination of up to three
previous inputs with weightings determined by minimising the expected electrostatic
energy difference between the output charge density and its input.

A crucial requirement for the optimisation of the structure of the atomic clusters
is the rapid evaluation of the force on each atom. The Hellman-Feynman theorem
gives this as the expectation of the gradient of the pseudopotential together with the
gradient of the ion-ion interaction. Now if the bases functions depend on the structure
which is the case when the centres of the Gaussians are located on atoms and
bond-centres ~ then the gradient of the energy contains extra terms. [t is however
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possible to group these terms so that the self-consistent charge density and not its
gradient is required. Furthermore the analytic expression for the total energy can be
easily differentiated to evaluate these terms. This of course means that force evalua-
tion can be readily accomplished in reasonable CPU times.

The evaluation of frequencies of atomic vibrations requires a differentiation of
these forces. Since there is no Hellman-Feynman expression for these second deriva-
tives it 1s essential to compute the change in electron density which accompanies the
movement of the atoms. This involves calculating the forces on the atoms when one
is displaced by a small amount and then estimating the derivative numerically.

An important consideration is the size of the bases sets to be used. We often treat
different parts of large clusters with different precision. So the electronic states on
surface H atoms are described with a linear combination of 2 s- and similarly 2 pj-
Gaussian orbitals with different exponents, Here pl| denotes a p-orbital parallel to the
H bond. A single s- and p{- orbital are placed at bond centred sites, whereas atoms
like Si, C. Ga and As are treated with a fixed linear combination of 4 to 6 s- and
p-Gaussians. Central atoms and bond-centres are treated with a basis of 4 to 6
independent s- and p- Gaussians with different exponents. The basis for the charge
density fit consists of 3 to 6 independent s-Gaussians at atomic sites and a single
s-Gaussian at a bond centre. Generally we have found that structural and dynamic
properties as well as total energy differences are unaffected by increasing the basis size
but the total energy of the cluster invariably changes by an appreciable amount.

3. APPLICATIONS
3.1 Molecules [26]

It is essential to check that the theory we have described above yields accurate results
for the simplest cases ie simple molecules. Bond lengths in water and the carbon dimer
respectively are given within 2% of experiment. The HOH angle is also given within
1%. The vibration frequencies of the molecular vibrations are within 2% and the
dipole moment within 1%. These results show that the approximations made in the
method cause only small errors in the structure, dynamics and ground state charge
density and we can have confidence in applying the method to larger clusters.
diamond and the carbon substitutional impurity in silicon {26, 28, 29].

3.2 Silicon, diamond and the carbon substitutional impurity in silicon [26. 28, 29]

The bond length of Si - Si can be found from the 15 atom molecule Si;H,». A complete
optimisation gave a central Si - Si bond length of 2.313A or 1.5% different from bulk
Si. The cluster was then distorted and the resulting energies fitted to a simple Keating
potential {30]. The bond-stretching term has a coefficient 3.323 eV/A? and the bond
bending one of .436 eV, A’ These are close to the Keating parameters fitted to zone
boundary phonon frequencies by Baraff et a/. [31] as well as the ab-initio calculations
of Zur er al. [32). When applied to a bulk solid they give a phonon spectrum to within
10% at zone-edges. The principal errors occur near the zone-edge because of the lack
of longer ranged forces [33]. For the same reason, the elastic constants are poorly
represented.

A similar approach can be used for diamond but as the surface atoms are now more
charged than for the Si;H,. cluster, a larger cluster must be used. The cluster C;; H.,
gives a C — C bond length within 1% of diamond. The double derivatives of the energy
with respect to atoms out to the second shell can be used to determine the force-
constants in a Musgrave-Pople potential {34]. This is the most general potential up to
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second order in bond length and bond angle variaitons. We found that we could not
satifactorily fit these double derivatives to a Keating potential. This has only some of
the second order terms, and neglects the correlation between bond stretch and bend.
Using the Musgrave-Pople potential we found the phonon dispersion curves are given
to within 10% at the zone edges.

This method is easily generalised to describe local vibratory modes of impurities.
For example a cluster of CSi,H,, gave a C-Si length of 1.897A which is close to that
observed in SiC (1.888A). The bond stretching energy was fitted to a cubic and this
potential together with a Keating one, for other bonds, was used with a relaxed 99
atom cluster CSig, to determine the structure and vibratory modes of the sub-
stitutional carbon impurity in silicon. The C - Si length now increase to 2.035A and
the triplet localised mode occurred at 684 cm™". This is 13% larger than the observed
one [35] but our estimate is very sensitive to the C - Si length. A 4% increase in this
reduces the frequency to within 5% of the observed values. It is clear that the
structural and dynamic properties of bulk solids are largely determined by local
bonding considerations. This is remarkable in that the individual terms which enter
into the expression for total energy ie the one-electron energy, the electrostatic and
exchange-correlation energies and the ion-ion energy, are properties of the whole
cluster. There must be a subtle cancellation between these terms which allows bond
lengths and force constants to be largely local properties.

3.3 Hydrogen in Diamond [36] and GaAs [37]

It is remarkable that the most stable position of interstitial H in diamond is at a
bond-centred (BC) site and not a tetrahedral (T) interstitial one. This is due to the
attraction of the proton to the bond charge. The electron bound to the proton lies in
a state made up of antibonding p|| -orbitals on the adjacent C atoms, and hence avoids
the bond centre. There is direct evidence of this stable configuration from muon-spin
rotation experiments {38). We found that the C — H - C bond is increased by a massive
43%. These results agree with quantum chemical calculations {39, 40]. One would
have also thought that molecular H would be stable in diamond [41]. Suprisingly our
calculation carried out on a 56 atom cluster C,H,, including a pair of atoms showed
that the stable H, defect is an association of bond-centred H with a H atom at an
anti-bonding position. This is rather like a donor-acceptor pair: for the highest
occupied level for H at a BC site is close to the conduction band edge (Ec) whereas
it lies around mid-gap for T sited H. :

GaAs is more complicated than Si or diamond because of the presence of two
different elements. For this reason we looked at stoichiometric clusters saturated with
H. We mainly used a 56 atom cluster Ga,;As,;;Hs, to investigate defects in GaAs.
Relaxing the inner 8 atoms gave an average Ga — As bond length of 2.4A or an error
of 2%. A Mulliken bond population revealed a charge build up in the bonds princip-
ally coming from Ga atoms. The band gap is 3.5eV. The size of this gap is typical of
clusters terminated with relaxed H atoms. Distorting the structure allowed us to
calculate bond stretching and bending force constants between the nearest neigh-
bours. These gave an optic mode frequency at I' of 8.9 THz. The observed values are
8.8 and 8.1 THz and are split because of the long range Coulomb forces. A single
neutron H atom inserted into this cluster preferred to sit at the tetrahedral interstitial
site. However the energy difference with the bond centred site is so low (0.2¢V) that
we feel that this result may be reversed with a larger cluster. In the bond centred site
the partially occupied level occurs close to Ec and in the lower half of the gap for the
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tetrahedral sited interstitial. This suggests that H in n-GaAs would lie at or close to
a T-site and at a BC site in p-GaAs. This is substantially what we have found. A Be
atom inserted at a Ga site behaves as an acceptor with a pariially filled level around
the valence band top (Ev). A H atom inserted into the BC site, between the Be and
an adjacent As atom, filled this level hence neutralising the acceptor. The stretch
frequency of the H was found to be 2083 cm ™' which compares well with the observed
one at 2037¢cn™' [42].

Si when substituting a Ga site remains on-site with a Si - As bond length of 2.38A.
It has a donor level close to Ec. H inserted into an anti-bonding site along [~ 1—1~1]
caused the Si - As bond along [III] to break. The Si moved towards a planar
configuration with the three surrounding bonded As atoms. The highest filled level is
pushed within 0.3eV of E, effectively neutralising the donor. The H stretch and bend
frequencies were 1773cm ™' and 1002, 991 cm ™' respectively (for an 86 atom cluster;
a 56 atom one is inadequate as the H atom lies near the surface). This compares with
observed values of 1717 and 896 cm~' [42]. The structures of the H complexes were
first determined from infra-red absorption experiments but it is gratifying that these
as initio calculations predicted the breaking of the Si — As bond for the hydrogenated
sample and this explains the absence of a local vibrational mode associated with the
motion of the Si atom parallel to the C,, axis. According to recent calculations by us
{44] the local modes of Si in the hydrogenated material occur at 416 and 189cm ', The
former is two-fold degenerate (observed to lie at 410cm ™' [42]) and the latter is the
stretch mode which is unobservable because it falls within the one-phonon band. This
illustrates a great strength of ab-initio calculations in determining the structure and
properties of complicated defects and complements the powerful techniques of
Raman and infra-red absorption experiments.
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